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Abstract
Scattering of a time harmonic anti-plane shear wave due to either a pair
of crack tips or a pair of rigid constraint tips on square lattice is considered.
The two problems correspond to the so called zero-offset case of scattering
due to a pair of identical Sommerfeld screens. The peculiar structural
symmetry allows the reduction of coupled equations to two scalar Wiener–
Hopf equations and a total of four geometrically reduced problems on
lattice half-plane. Exact solution of each problem for incidence from the
bulk lattice, as well as from an associated lattice waveguide, is constructed.
A suitable superposition of the four expressions is used to construct the
solution of the main problem. The discrete paradigm involving the wave
mode incident from the waveguide is relevant for modern applications
where an investigation of mechanisms of electronic and thermal transport
at nanoscale remains an interesting problem.
0 Introduction
A square lattice based analogue of a canonical problem in scattering theory [1,
2, 3, 4] is discussed: a time harmonic lattice wave is incident upon a pair of
semi-infinite parallel rows with either Neumann or Dirichlet condition. It is
instructive to recall that, within the well established continuum framework, the
scattering problem finds relevance in electro-magnetism, acoustics, and allied
subjects [5, 6, 7, 8, 9, 10, 11, 12, 13, 14], as well as from the viewpoint of geo-
metric and asymptotic approximations [15, 16, 17]. Strikingly, in the presence
of an offset between the edges, so called staggered case, the scattering problem
is difficult to solve [18, 19, 20] owing to the complexity of matrix Wiener–Hopf
(WH) factorization [21, 22, 23, 24, 25, 26]. On the other hand, when the edges
are not staggered an exact solution is well known [27, 28]; this also plays a
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crucial role for solving the problem with small stagger in light of an asymptotic
technique [29].
Within the discrete framework, the two structures, that is, a pair of parallel
cracks (Neumann condition) or a pair of rigid constraints (Dirichlet condition),
can be construed as the two dimensional formulation of a three dimensional
structure with a pair of parallel atomically thin cracks or rigid inclusions. The
latter can be envisaged for a crystal lattice having a symmetry that allows square
sub-lattice planes and at the same time admits an out-of-plane displacement rel-
ative to such sub-lattices. Both cracks or rigid inclusions can extend indefinitely
in one direction and are spaced apart by certain multiples of the lattice param-
eter. In this paper, the incident lattice wave field as well as the scattered wave
field is time harmonic with the the same frequency. Moreover, it is assumed that
there is a very small amount of damping present in the medium which results
into a complex valued frequency with vanishingly small but positive imaginary
part. The angle of incidence of the incident wave and the (real part of) inci-
dent wave frequency can be arbitrary chosen according to the passband of the
considered square lattice structure [30].
Square
lattice
with
a
pair
of sem
i-infinite
cracks.
Figure 1: Square lattice attached to a single lead created by breaking bonds in
a pair of semi-infinite rows.
The present paper provides an exact solution of the stated discrete scattering
problem and develops a far-field approximation for the incidence from the bulk
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lattice as well as for the incidence from the lattice waveguide formed between
defects. Analytical expressions are also provided for certain physically relevant
quantities, such the crack opening displacement, namely, the foremost (broken)
bond length in any of the two cracks, and the displacement of a site adjacent to
the rigid constraint tip. In the scenario presented so far, the scattering problem
attended in the paper involves a purely mechanical framework, however, there
is a quantum-mechanical analogue as well within the tight binding approxima-
tion for the electronic wave function (see §7.3 of [31] for honeycomb lattice).
The mathematical connection between a specific lattice wave (phonon) based
expression [32] and that for the electronic wave has been spotted in this context
[33, 34]. In the mechanical framework, a significant scientific problem of current
interest concerns the nature of energy transport in structures at small scales
[35]. In this regime, the transport is typically defined in terms of reflection and
transmission, i.e., by so called the Landauer viewpoint [36, 37, 38]. The problem
tackled in the paper can be also viewed as a lattice attached to a single lead (the
waveguide) which is created by breaking bonds in a pair of semi-infinite rows.
The analysis of the energy flux relative to the waveguide, thus lying between the
semi-infinite defects, is a derived entity based on the exact solution presented
in this paper (schematically shown in Fig. 1); the relevant analysis and details
shall appear elsewhere. Additionally, the non-zero offset case remains a difficult
issue even in the discrete case [39], this is not analyzed in this paper.
1 Lattice model
An infinite square lattice, denoted by S, as a mechanical structure undergoing
anti-plane shear motion, is considered. The lattice consists of identical particles,
with in-plane spacing b, each having unit mass and interacting with only its
four nearest neighbours through bonds with a spring constant 1/b2 (see [40] for
peculiar choice of scales). A time harmonic lattice wave is assumed to be incident
on a pair of rigid constraints or cracks. A crack is modeled by assuming that
the spring constant between the particles surrounding the crack is zero, while
the rigid constraint is characterized by the vanishing of total displacement at
each constrained site. For convenience, in this paper, sometimes a subscript ‘k’
and ‘c’ is used to represent an entity associated with case of cracks and rigid
constraints, respectively.
Let Σk (resp. Σc) denote the set of all lattice sites in S associated with the
crack-faces (resp. rigid constraints), that is precisely those sites which miss one
nearest neighbor bond (resp. those sites whose displacement is restricted to be
zero). Suppose N is a positive integer (greater than 1). Let Z denote the set
of all integers. Let Z2 denote the set Z × Z. Corresponding to a separation
of 2N (resp. 2N − 1), i.e., for even (resp. odd) width Nw of waveguide formed
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between both cracks,
Σk ∶={(x,y) ∈ Z2 ∶x ≥ 0,y = −N,−N − 1} ∪ {(x,y) ∈ Z2 ∶x ≥ 0,y = N,N − 1},
(resp. Σ′k ∶={(x,y) ∈ Z2 ∶x ≥ 0,y = −N + 1,−N} ∪ {(x,y) ∈ Z2 ∶x ≥ 0,y = N,N − 1}).
(1a)
With separation 2N (resp. 2N − 1), i.e., even (resp. odd) Nw waveguide within
rigid constraints,
Σc∶={(x,y) ∈ Z2 ∶(x,−N − 1) ∈ Z2 ∶ x ≥ 0} ∪ {(x,y) ∈ Z2 ∶(x,+N) ∈ Z2 ∶ x ≥ 0},
(resp. Σ′c∶={(x,y) ∈ Z2 ∶(x,−N) ∈ Z2 ∶ x ≥ 0} ∪ {(x,y) ∈ Z2 ∶(x,+N) ∈ Z2 ∶ x ≥ 0}).
(1b)
For convenience, the two different parities of the width Nw are represented by
a parity bit ℷ ( ℷ = 1 corresponding to the odd case and ℷ = 0 for even). The
sets Σk,Σ
′
k,Σc,Σ
′
c, from (1a) and (1b), can be alternatively described as the
broken bonds exist between y = N,N − 1 and y = −N + ℷ ,−N − 1 + ℷ , while the
rigid constraints are located at y = N and y = −N − 1 + ℷ . With Σ representing
either of Σk, Σ
′
k, Σc, Σ
′
c, the equation of motion at (x,y) ∈ Z2 ∖Σ is
d2
dt2
ux,y = 1
b2
△ux,y,where △ux,y∶=ux+1,y + ux−1,y + ux,y+1 + ux,y−1 − 4ux,y. (2)
Remark 1 The equation of motion on sites located on the upper and lower face
of a crack, respectively, is
d2
dt2
ux,y = 1
b2
(ux+1,y + ux−1,y + ux,y+1 − 3ux,y), (3a)
d2
dt2
ux,y = 1
b2
(ux+1,y + ux−1,y + ux,y−1 − 3ux,y). (3b)
Remark 2 The equation of motion on sites immediately above and below a
rigid constraint, respectively, is
d2
dt2
ux,y = 1
b2
(ux+1,y + ux−1,y + ux,y+1 − 4ux,y), (4a)
d2
dt2
ux,y = 1
b2
(ux+1,y + ux−1,y + ux,y−1 − 4ux,y). (4b)
The equation of motion for the single site facing a semi-infinite rigid constraint
is
d2
dt2
ux,y = 1
b2
(ux+1,y + ux,y+1 + ux,y−1 − 4ux,y), (4c)
Indeed, for the sites on each rigid constraint ux,y = 0.
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(a) (b)
Figure 2: Square lattice with a pair of semi-infinite (a) cracks and (b) rigid
constraints. Illustration provides the contourplot of the total wavefield, obtained
by numerical scheme (summarized in an Appendix of [40]), in the presence of
incident wave (5) (shown as thick white ray). Here ℷ = 1 as Nw is odd.
In this paper, the considered structure admits two distinct kinds of incident
waves: one type of incident wave is the bulk lattice wave that corresponds to the
passband of the square lattice outside the waveguide formed by the two semi-
infinite defects, while the second type of incident wave is the lattice waveguide
mode that corresponds to the passband of the waveguide formed by the two semi-
infinite defects. The role of type of incidence is emphasized by writing ‘incidence
from the bulk lattice’ vis-a-vis ‘incidence from the waveguide’. Consider the
former and let uiB describe the incident wave with frequency ω and a lattice
wave vector (κx,κy); specifically,
uiBx,y∶=Aeiκxx+iκyy−iω t, (5)
where A ∈ C is constant (C denotes the set of complex numbers; z ∈ C, z =
z1 + iz2, z1 ∈ R, z2 ∈ R with R as the set of real numbers). Following a tra-
ditional choice in diffraction theory [41, 42], as a way to avoid the technical
issues associated with nondecaying wavefronts, a vanishingly small amount of
damping is introduced in the lattice model. This leads to a complex ω with
a vanishingly small but positive imaginary part. Throughout the paper, the
factor, e−iω t, is suppressed. In the absence of damping, by virtue of (2) in
intact lattice (u = uiB), the triplet ω (∶=bω), κx, and κy satisfies the dispersion
relation
ω2 = 4(sin2 1
2
κx + sin2 12κy), (κx,κy) ∈ [−pi,pi]2, (6)
while the lattice wave (5) is diffracted by the pair of semi-infinite defects as
illustrated by Fig. 2. With ω =ω1+iω2,ω2 > 0, it is easy to see that the wave
number of the bulk incident lattice wave uiB (5) is also a complex number, i.e.,
κ = κ1 + iκ2,κ2 > 0, which is related to the complex κx and κy through (6) and
the angle of incidence Θ ∈ (−pi,pi] of uiB so that κx = κ cos Θ,κy = κ sin Θ. Due
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to symmetry it is enough to consider Θ ∈ (0, pi]. For the assumed model, when
ω1 ∈ (2,2√2) the allowed values Θ lie in a subset of (0, pi]. In general, it is
assumed that ω1 ∈ [0,2√2] ∖ Se, where Se = {0,2,2√2} [43]. The assumption
of complex frequency, analogous to above, holds for the incidence from the
waveguide when a wave mode inside the waveguide formed by the two defects
replaces the ansatz (5).
Taking cue from the continuum model [20, 42], with some effort for the
discrete model, it is easy to recognize the presence of a 2 × 2 matrix Wiener–
Hopf (WH) kernel [39, 44]; the details are omitted in this paper [39]. Intuitively,
the 2 × 2 matrix WH kernel arises as the two sequences of sources on a pair of
semi-infinite rows, induced by the defects interacting with incident wave and
scattered wave, cannot be de-coupled from each other in the presence of stagger.
Remark 3 On the lines of §3 of [45] and §7 of [46], it is stated without proof
that given ω2 > 0 and ω1 ∈ [0,2√2] ∖ Se, there exists a unique solution of the
scattered wave field in `2(Z2). The proof (omitted in this paper) utilizes the
properties of 2 × 2 matrix WH kernel analogous to those stated as Lemma 3.1
and Lemma 3.2 in [45] and Lemma 7.1 in [46].
However, from the viewpoint of explicit solution, going beyond the existence
and uniqueness of the solution in Remark 3, in the special case of the absence
of stagger, due to the alignment of the defect tips (see Fig. 3), a reduction from
infinite lattice S to lattice half-plane, denoted by SH, can be exploited. This
is possible due to the geometric reflection symmetry as explained in the next
section.
2 Geometric symmetry based reduction
In order to utilize the geometric symmetry in the physical structure, it is natural
to consider the even/odd symmetry relative the mid-plane (shown by thick
dashed line in Fig. 3). According to (1), with odd number of rows in-between
the defects, the waveguide width Nw is 2N − 1, on the other hand for the even
number of rows in-between, the corresponding waveguide width formed by the
two rigid constraints and by the two cracks is Nw = 2N . The main idea behind
the reduction to lattice-half plane can be understood as follows.
Consider the (bulk) incident wave (5). Recall Fig. 4. Two cases arise
depending on the even/odd parity of the separation between the two cracks or
rigid constraints. For (x,y) ∈ Z2,
uiBx,y = 12(uiBx,y + uiBx,−y−1) + 12(uiBx,y − uiBx,−y−1) (7a)= Aeiκxxe−i 12κy cosκy(y + 12) + iAeiκxxe−i 12κy sinκy(y + 12), (7b)
and
uiBx,y = 12(uiBx,y + uiBx,−y) + 12(uiBx,y − uiBx,−y) (8a)= Aeiκxx cosκyy + iAeiκxx sinκyy. (8b)
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Figure 3: Square lattice with the broken vertical bonds between (with N = 2)
(a) y = ±N,y = ±N − 1, for all x ≥ 0, (a’) y = ±N,y = ±N ∓ 1,for all x ≥ 0, the
constrained sites located (with N = 2) at (b) y = ±N − 1
2
± 1
2
, for all x ≥ 0, (b’)
y = ±N , for all x ≥ 0.
The first term in (7b) (resp. (8b)) is even-symmetric relative to y = − 1
2
(resp.
y = 0) while the second term is odd-symmetric. Due to the linearity of the
scattering problem, using the uniqueness of the solution stated above in Remark
3, it is clear that the scattered wave field also respects the same symmetry
and admits an identical decomposition where its even-symmetric (resp. odd-
symmetric) component corresponds to even-symmetric (resp. odd-symmetric)
component of incident wave.
For the even symmetry of the wave field (incident as well as scattered) in case
of even separation, the equivalent reduction to lattice half-plane SH with free
boundary condition is, thus, possible since ux,y = ux,−y−1,y ≥ 0 leads to effectively
an absence of bond between the rows located at y = 0 and y = −1. Similarly, for
the odd symmetry in case of odd separation, the equivalent reduction to lattice
half-plane SH with fixed boundary condition holds since ux,y = −ux,−y,y ≥ 0
leads to a zero displacement condition for the row located at y = 0. In the other
two cases the problem becomes equivalent to a lattice half-plane problem with
a slightly different boundary condition; the details are omitted. See Fig. 4 for
a graphical depiction of the geometric symmetry for the context of a pair of
semi-infinite defects.
The diffraction problems on infinite lattice S involving a pair of semi-infinite
defects have been solved in this paper by reduction to a problem on lattice half-
plane SH with a single semi-infinite defect forming a waveguide with lattice
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(a)
(b)
(1) (2) (4)(3)
Figure 4: Square lattice with a pair of semi-infinite cracks or rigid constraints
and geometric symmetry related to the incident and outgoing wave. The labels
(1)–(4) correspond to the conditons Case H1–H4.
half-plane boundary at y = 0. For this purpose, consider the following definition
Z2H∶={(x,y) ∶ x,y ∈ Z,y ≥ 0}. (9)
The coordinates associated with SH, including a single semi-infinite defect, are
illustrated in Fig. 5 (the same can be contrasted with the choice of coordinates
for the infinite lattice as shown in Fig. 3). The condition at half-plane boundary
is described by two parameters β and γ as
Case H1: β = 0,γ = 0 at y = 1 for infinite lattice (Fig. 3a’, b’), and at y = 0 for
the lattice half-plane the boundary condition uses u⋅,y−1 = 0,
Case H2: β = 0,γ = −1 at y = 0 for infinite lattice (Fig. 3a, b) and at y = 0 for
the lattice half-plane the boundary condition uses u⋅,y−1 = +u⋅,y,
Case H3: β = 0,γ = 1 at y = 0 for infinite lattice (Fig. 3a, b) and at y = 0 for
the lattice half-plane the boundary condition uses u⋅,y−1 = −u⋅,y,
Case H4: β = 1,γ = 0 at y = 0 for infinite lattice (Fig. 3a’, b’) and at y = 0 for
the lattice half-plane the boundary condition uses u⋅,y−1 = u⋅,y+1.
In a general case, that includes Case H1–H4, for lattice row at the half-plane
boundary (y = 0),
ux+1,y + ux−1,y + ux,y+1 + (ω2 − 4)ux,y +βux,y+1 − γux,y = 0. (10)
Naturally, the scattering occurs due to a single semi-infinite defect along with
an equation of motion (10) (boundary condition) at the edge of the half-plane
SH in the presence of the incident wave (5). In view of the reduction (Fig.
3–Fig. 5), it is convenient to consider a modified expression for the incident
wave (derived from (5) using the reduction based on geometric symmetry) that
itself satisfies the boundary condition (10); in particular,
uix,y∶=Aeiκxx+iκyy + cBAeiκxx−iκyy, (x,y) ∈ Z2,y ≥ 0, (11)
where cB is given by cB = CB(e−iκy), CB(ζ)∶= − FB(ζ)FB(ζ−1) , FB(ζ) = ζ −βζ−1 + γ. (12)
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Figure 5: (Top) Reduction based on Fig. 4. (Bottom) Square lattice S with
the semi-infinite defect at y = N (= 3) and equation of motion (10) at the edge
of the half-plane SH in the presence of the incident wave (5).
Above expression results after simplification of −e−iκy−cBeiκy+β(eiκy+cBe−iκy)−
γ(1 + cB) = 0.
The general case of the scattering problem on a lattice half-plane SH with
above boundary condition (10) involving β and γ can be solved using the com-
plex analysis as developed in [32] and [47]. Details, using similar notation, are
provided below while also following the technique introduced in [40, 48].
3 Exact solution based on WH method
Let (recall (9))
ΣHk ∶= {(x,y) ∈ Z2H ∶x ≥ 0,y = N,N − 1}, (13a)
ΣHc ∶= {(x,y) ∈ Z2H ∶(x,N) ∈ Z2 ∶ x ≥ 0}. (13b)
Above sets correspond to the crack and rigid constraint provided in the schematic
illustration of Fig. 5a, b, respectively. The total field ut at an arbitrary site in
SH is a sum of the incident wave field u
i (11) and the scattered field us. For
simplicity, the letter u is used in place of us. By (2) and the definition of ω, the
total field ut satisfies the discrete Helmholtz equation
△utx,y +ω2utx,y = 0, (x,y) ∈ Z2H ∖Σ,where utx,y = uix,y + ux,y, (x,y) ∈ Z2, (14)
except on the single rigid constraint Σ= ΣHc (the equation corresponding to (4)
holds in the sites near the constraint) or the crack-faces of the single crack
Σ= ΣHk (where the equation corresponding to (3) holds), while at (half-plane
boundary) y = 0 (10) holds.
Let the letterH stands for the Heaviside function: H(x) = 0,x < 0 andH(x) =
1,x ≥ 0. The discrete Fourier transform [40] of the scattered field {ux,y}x∈Z at
given y ∈ Z is defined by
uFy ∶=uy;+ + uy;−,uy;± =∑+∞x=−∞ z−xH(±x − 12 ± 12)ux,y. (15)
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In this paper, z denotes the complex variable after the application of Fourier
transform. By an application of (discrete) Fourier transform (15) (see also
other details in Appendix A), in view of the form of incident wave (11) and
splitting of the total wave field, the condition (10) at y = 0 becomes
(Q+γ)uF0 = (1 +β)uF1 , where Q(z)∶=4 − z − z−1 −ω2, z ∈ C. (16)
3.1 Crack
Let Zba denote the set of integers {a, a+ 1, . . . , b}. Using the definition of λ (83)
[40, 48, 49], the Fourier transform of the (scattered component of the) solution
of eq. (14) is expressed as
uFy = uFNλy−N , uFy = uF0 (λ−2N+2λy − λ−yλ−2N+2 − 1 ) + uFN−1(λ−N+1λ−y − λ−N+1λyλ−2N+2 − 1 ).
(17)
for y ≥ N and y ∈ ZN−10 , respectively. Note that
uF1 = f1uF0 + g1uFN−1, uFN−2 = fN−2uF0 + gN−2uFN−1, uFN+1 = uFNλ, (18)
where f1∶=λ−N+2 − λN−2
λ−2N+2 − 1 λ−N+1, fN−2∶= λ−1 − λλ−2N+2 − 1λ−N+1, g1 = fN−2, gN−2 = f1.
(19)
By (16) and (18), uF0 can be expressed in terms of u
F
N−1,
uF0 = (1 +β)fN−2(Q+γ − (1 +β)f1)uFN−1, (20)
thereby reducing the set of unknown functions in (17) to uFN and u
F
N−1. For the
lattice row at y = N − 1 and y = N, respectively,
−ω2ux,N−1 + (ux,N−1 − ux,N)H(−x − 1) = (uix,N−1 − uix,N)H(x) + ux+1,N−1+ux−1,N−1 + ux,N−2 − 3ux,N−1,(21a)−ω2ux,N + (ux,N − ux,N−1)H(−x − 1) = (uix,N − uix,N−1)H(x) + ux+1,N+uxN−1,N + ux,N+1 − 3ux,N . (21b)
Following commonly used notation, It is supposed that ∣z∣ denotes the modulus
and arg z denotes the argument (with branch cut along negative real axis) for
z ∈ C. Let
δD+(z)∶=∑∞x=0 z−x = (1 − z−1)−1, ∣z∣ > 1,and zP ∶=eiκx , (22)
viN ;+∶=∑∞x=0 z−x(uix,N − uix,N−1) = vi0,NδD+(zz−1P ), (23)
with vi0,N ∶=A(eiκyN + cBe−iκyN − e−iκyeiκyN − cBeiκye−iκyN). (24)
As special case of (15), using the definitions uN ;± = ∑+∞x=−∞ z−xH(±x − 12 ±
1
2
)ux,N , uFN = (uN ;+ + uN ;−). and similar definitions for for uN+1;± and uN−1;±,
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taking the Fourier transform of (21), using (18) and (84) (i.e. H = Q−2), it is
found that
(H + 1 − f1)(uN−1;+ + uN−1;−) + (uN−1;− − uN ;−) = −viN ;+ + uF0 fN−2, (25a)(H + 1 − λ)(uN ;+ + uN ;−) − (uN−1;− − uN ;−) = viN ;+. (25b)
Using (25b), uN−1;− = (λ−1 − 1)(uN ;+ + uN ;−) + uN ;− − viN ;+ after substitution in
(25a),
(λ−1 − 1)(uN ;+ + uN ;−) = fN−2uF0 − (H + 1 − f1)(uN−1;+ + uN−1;−). (26)
Let the vertical bondlengths in cracked row (i.e., between y = N and y = N − 1)
be defined by
vx,N ∶=ux,N − ux,N−1. (27)
With vFN = vN ;+ + vN ;−, using (27) in (26),(λ−1 − 1)(vN ;+ + vN ;−) = fN−2uF0 − (H − f1 + λ−1)(uN−1;+ + uN−1;−), (28)
which, using (20), is an algebraic equation (yielding uFN−1 in terms of vFN ). In
fact,
vFN = VkuFN−1,Vk = fN−2 (1 +β)fN−2(λ−1 − 1)(Q+γ − (1 +β)f1) − (H − f1 + λ−1)(λ−1 − 1) . (29)
By (27), uN ;+ + uN ;− = uN−1;+ + uN−1;− + vN ;+ + vN ;−. Using the Equation (25b)
and that Q = H+2 = λ + λ−1, it is found that
vN− = uN ;− − uN−1;− = −(λ−1 − 1)(uN ;+ + uN ;−) + viN ;+. (30)
Finally, the WH equation obtained for vN is
LvN ;+ + vN ;− = (1 − L)viN ;+, where L = 1 + Vk1 + (1 − λ)−1Vk = FkLk, (31)
with the structure factor Fk(z;β,γ,N) = 1 − CB(λ)λ2N−1, (32)
using the definition of CB given by (12) and Lk given by [40] (i.e., Lk =h/r, see
(83) for the details concerning h and r). The WH equation (31) is posed on an
annulus A in the complex plane; the definition is provided in (85).
Remark 4 Note that as N →∞, the strip lemma holds [32], that is, the reduced
half plane problem coincides with that due to a single crack on an infinite square
lattice [40] in this limit. Consider a disk BR of fixed radius R > 1 centered at the
crack tip. Then for (x,y) ∈ Z2 ∩BR, it is stated without proof that the scattered
displacement field ux,y converges in `2(Z2∩BR) to that corresponding to a single
crack as N →∞. The proof utilizes the assumption that ω2 > 0 and properties
of kernel same as those stated as Lemma 3.1 and Lemma 3.2 in [45].
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According to (12) and (24), with the notation λP ∶=λ(zP ),
vi0,N = A(λNP − λN−1P )(1 − CB(λ−1P )λ−2N+1P ). (33)
Above can be also re-written as vi0,N = A(eiκyN − ei(N−1)κy)(1− cBe−iκy(2N−1)).
Using the multiplicative factorization L = L+L−, the WH equation (31) becomes
L+vN ;+ + L−1− vN ;− = C, C = (L−1− − L+)viN ;+, (34)
on the annulus A . An additive factorization [42] C = C+ + C− with
C±(z) = ±vi0,N(L−1− (zP ) − L±1± (z))δD+(zz−1P ), z ∈ A , (35)
and a standard reasoning based on the Liouville’s theorem leads to the exact
solution
vN ;±(z) = C±(z)L∓1± (z), z ∈ C, ∣z∣ ≷ maxmin {R±,R±1L }. (36)
The definitions of R± and RL are provided in Appendix A. The complex function
vF , for z ∈ A , is found to be
vFN(z) = AC0 zK(z)z − zP ,K∶=(1 − L−1)L−,C0∶= −A−1vi0,NL−1− (zP ) ∈ C. (37)
Note that (using (31)) 1−L−1 = λVk/((λ − 1)(Vk + 1)). As an example of a closed
form solution in the context of near-tip field analysis (on the lines of [45, 46]),
(36) gives v0,N = limz→∞ vN ;+(z) = C+(∞)L−1+ (∞), i.e., vt0,N = vi0,NL−1+ (∞)L−1− (zP ).
In case of incidence from the waveguide, the scattering occurs due to the
intact bonds ahead of the waveguide. In contrast to (11), the incident wave is
given by
uix,y∶=Aa(κi)yeiκxx, x ∈ Z,y ∈ ZN−10 , (38)
where A is a constant and a(κi)y refers to the eigenmode representing a propagat-
ing wave in the lattice waveguide formed by the boundary of lattice half-plane
SH and the lower side of crack. Notice that a(κi)y automatically satisfies the
free boundary condition at y = N −1. For the lattice row at y = N −1 and y = N,
respectively, in place of (21),
−ω2ux,N−1 + (ux,N−1 − ux,N)H(−x − 1) = −(uix,N−1 − uix,N)H(−x − 1) + ux+1,N−1+ux−1,N−1 + ux,N−2 − 3ux,N−1, (39a)−ω2ux,N + (ux,N − ux,N−1)H(−x − 1) = −(uix,N − uix,N−1)H(−x − 1) + ux+1,N+uxN−1,N + ux,N+1 − 3ux,N . (39b)
As before, LvN ;+ + vN ;− = −(1 − L)viN ;− follows, as an analogue of (31), and the
multiplicative factorization L = L+L− leads to WH equation (34) with the excep-
tion that the right hand side is (for z ∈ A ) C(z) = (L+(z)−L−1− (z))vi0,NδD−(zz−1P ),
with δD−(z) = ∑−∞x=−1 z−x = z(1 − z)−1, ∣z∣ < 1.
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Remark 5 The annulus A involves R− = e+κ2 with κ replaced by −κx, while
other details remain same as in the case of bulk incidence (see analogous argu-
ments in [32]).
An additive factorization, C = C+ + C−, is
C±(z) = ∓vi0,N(L+(zP ) − L±1± (z))δD−(zz−1P ), z ∈ A . (40)
Note that vi0,N denotes the expression provided in (24). It is easy to see
that C+(z) and C−(z) are analytic at z ∈ C with ∣z∣ > max{R+,RL}, ∣z∣ <
min{R−,R−1L }, respectively. Further, v0,N = limz→∞ vN ;+(z), i.e., vt0,N = vi0,NL−1+ (∞)L−1− (zP ).
By a reasoning based on the Liouville’s theorem [42], the discrete WH equation
is solved and in terms of the one-sided Fourier transform (15), vFN is given by
(36) and (37) with
C0∶= − vi0,NL+(zP ) ∈ C, (41)
in place of (37)3.
By the inverse Fourier transform,
vx,N = 1
2pii
∮C vN ;±(z)zx−1dz, x ∈ Z,x≥<0, (42)
where Cz is a rectifiable, closed, counterclockwise contour in the annulus A
(recall (85) and Remark 5), and upon substitution of (36), (35) and (40), the
exact expression can be constructed. By (29) and (37), uFN−1 can be found
while (27) yields uFN . Finally, (17) provides the exact solution everywhere in
half-plane SH. In particular, by (27) and (29), u
F
N = vFN + uFN−1 = (1 + 1Vk )vFN
and (17)1, (37) yield
uFy (z) = AC0 zK(z)z − zP (1 + Vk(z)−1)λ(z)y−N (with y ≥ N) (43)
and additionally by (17)2 and (20) (as well as using (19)1 and (19)2)
uFy (z) = AC0 zK(z)z − zP ( (1 +β)fN−2(Q+γ − (1 +β)f1)(λ−2N+2λy − λ−y) − λ−N+1(λy − λ−y))
Vk(z)−1(λ−2N+2 − 1)−1 (with y ∈ ZN−10 ).
(44)
3.2 Rigid constraint
For the lattice row at y = N , the equation satisfied by the scattered field is
−ω2ux,N =△ux,y,x < 0,y = N, and −ω2ux,N =ω2uix,N ,x ≥ 0. (45)
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Clearly, ∑x∈ZH(−x−1)ux+1,Nz−x = zuN ;−+zu0,N , and ∑x∈ZH(−x−1)ux−1,Nz−x =
z−1uN ;− − u−1,N . Applying the Fourier transform (15) to (45), with u−1,N as an
unknown complex number,
QuN ;− = −WN + uN+1;− + uN−1;−,where WN = u−1,N − zu0,N = u−1,N + zui0,N , (46)
uN ;+ = −uiN ;+, uiN ;+ = ∞∑
x=0 z−xuix,N = ui0,NδD+(zz−1P ), (47)
with ui0,N = A(eiκyN + cBe−iκyN). (48)
Analogous to the case of crack (with minor change in (17)2, replacing N by
N + 1), extending the expression (20), it is found that
uF0 = (1 +β)fN−1(Q+γ − (1 +β)f1)uFN , and uFN−1 = VcuFN , uFN+1 = λuFN , where (49)
Vc = (1 +β)fN−1(Q+γ − (1 +β)f1)fN−1 + f1, f1 = λ−N+1 − λN−1λ−2N − 1 λ−N , fN−1 = λ−1 − λλ−2N − 1λ−N . (50)
Using (46) and (49), a WH equation is found for
wN ;± = uN−1;± + uN+1;±, (51)
as
LwN ;+ +wN ;− = (1 − L)(WN − QuN ;+), where L = Q
λ−1 − Vc = FcL−1c , (52)
with the structure factor Fc(z;β,γ,N) = 1 + CB(λ)λ2N , (53)
employing definition of CB (12) and Lc (= rh /Q) [48]. The WH equation (52) is
also posed on an annulus A in the complex plane same as that (85) employed
earlier for the crack. As N → ∞, the strip lemma of [32] holds in a manner
similar to that stated before for the case of crack, see Remark 4.
Using the multiplicative factorization L = L+L−, the WH equation (52) be-
comes
L+ wN ;+ +L−1− wN ;− = C,with C = (L−1− − L+)(WN + QuiN ;+). (54)
An additive factorization [42] of right hand side, i.e., C = C+ + C−, on A , holds
with
C±(z) = ∓u−1,N(L±1± (z) − l−0) ∓ zui0,N(L±1± (z) − l+0) ∓ ui0,NδD+(zz−1P )(Q(z)L±1± (z) − Q(zP )L−1− (zP ) + l−0(z−1 − z−1P ) + l+0(z − zP )), (55)
with
l+0 = lim
z→∞L+(z) and l−0 = limz→0L−1−(z). (56)
The function C+(z) (resp. C−(z)) is analytic at z ∈ C such that ∣z∣ > max{R+,RL}
(resp. ∣z∣ < min{R−,R−1L }). An application of the Liouville’s theorem (using
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elementary estimates on the kernel as well as the boundedness of the sequence
corresponding to wN (51)) leads to the solution of (52),
wN ;±(z) = C±(z)L±(z)∓1, z ∈ C, ∣z∣ > maxmin {R±,R±1L }. (57)
Using (46) and (61), the expression for uN ;+ can be found by incorporating
minor changes in the expressions and manipulations detailed for the infinite
lattice in [48]. Indeed, as detailed in the supplementary 1, it is found that
ut−1,N = −ui0,N zqzq − zP Q(zP )l−0L−(zP ) . (58)
By (46),
uFN = L−(z)
Q(z) (−ui0,NδD+(zz−1P )Q(zP )L−1− (zP ) − ui0,N l−0z−1P + u−1,N(−l−0)). (59)
Using Q(z) = z−1q (1 − zqz)(1 − zqz−1) [48], and (58),
uFN(z) = AC0 zK(z)z − zP ,where K(z)∶= L−(z)(1 − zqz) , z ∈ A ,
C0∶=A−1ui0,NzP Q(zP )L−1− (zP )zq(zq − zP )−1 ∈ C. (60)
Observe that AC0 happens to be same as −ut−1,N l−0 by a recall of (58).
In the case of incidence from the waveguide, the scattering occurs due to the
unconstrained sites ahead of the upper boundary of waveguide. In contrast to
(11), the incident wave is given by (38), where a(κi)y refers to the eigenmode
representing a propagating wave in the lattice waveguide formed by half-plane
boundary and the rigid constraint. Notice that a(κi)y automatically satisfies the
fixed boundary condition at y = N. (46) is replaced by
QuN ;− = −WN + uN+1;− + uN−1;− + uiN−1;−, (61)
while −ω2ux,N = 0,x ≥ 0. Let wiN ;− = uiN−1;− + uiN+1;− = uiN−1;− + 0 = uiN−1;−. Note
that WN = u−1,N + zui0,N = u−1,N . With C = (WN −wiN ;−)(L−1− − L+) in place of C,
the (same) equation (54) results; its additive factorization holds with
C±(z) = ∓u−1,N(L±1± (z) − l−0) ±wi0,NδD−(zz−1P )(L±1± (z) − L+(zP )), (62)
where l−0 = limz→0 L−1− (z). Finally, the solution of (54) is written as (57). Also,
as detailed in the supplementary 1, it is found that
ut−1,N = −ui0,N−1 zqzq − zP L+(zP )l−0 . (63)
In the case of incidence from the waveguide, (60) follows with
C0∶=A−1ui0,N−1zP L+(zP )zq(zq − zP )−1 ∈ C. (64)
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By using (50) and (37), as well as (49), uFN−1 and uFN+1 can be found. In
fact, an analogue of (17) provides the exact solution everywhere. In particular,
(17)1, (60) yields
uFy (z) = AC0(zK(z)/(z − zP ))λ(z)y−N (with y ≥ N) (65)
and additionally by (17)2 and (49)1 (as well as using (50)2 and (50)3)
uFy (z) = AC0 zK(z)z − zP ( (1 +β)fN−1(Q+γ − (1 +β)f1)(λ−2Nλy − λ−y) − Vcλ−N(λy − λ−y))(λ−2N − 1)−1 (with y ∈ ZN−10 ). (66)
Above is not surprising, since the expression of uN−1;± + uN+1;± can be used to
determine uN ;− by (46), so that the problem is solved completely by (49).
4 Far field approximation in the reduced half-
plane problem
Far field approximation in the bulk lattice: In either case, i.e. crack or rigid
constraint, ux,y is eventually determined by inverse Fourier transform,
ux,y = 1
2pii
∮Cz uFy (z)zx−1dz, (x,y) ∈ Z2H, (67)
where Cz is a rectifiable, closed, counterclockwise contour (an appropriately
dented contour, most of which coincides with the unit circle T ⊂ C in case the
limit ω2 → 0+ is considered) in the annulus A (recall (85) and Remark 5).
Following the analysis of [40, 48], with z = e−iξ,
x = R cos θ,y = − 1
2
(1 − ℷ ) +R sin θ, (68)
for the incidence from the bulk lattice, the expression (67) can be rewritten, in
case of rigid constraint, using (60) and (17)1 for y ≥ N , as
ux,y = − 1
2pi
AC0 ∫Cξ K(e−iξ)eiRφ(ξ)ei(ξ−ξP ) − 1 e−i(N+ 12 (1− ℷ ))η(ξ)dξ, (69a)
while, for the crack, using (37) and (17)1, for y ≥ N ,
ux,y = − 1
2pi
AC0 ∫Cξ(1 + 1V(e−iξ))K(e−iξ)eiRφ(ξ)ei(ξ−ξP ) − 1 e−i(N+ 12 (1− ℷ ))η(ξ)dξ. (69b)
In (69), Cξ is a contour (oriented along increasing ξ1) which lies in the stripS ={ξ ∈ C ∶ ξ1 ∈ [−pi+piH(ω−2)H(2√2−ω), pi+piH(ω−2)H(2√2−ω)],−κ2 < ξ2 <
κ2 cos Θ}, ξP = −κx, and φ(ξ) = η(ξ) sin θ − ξ cos θ,η(ξ) = −i logλ(e−iξ),ξ ∈S .
Eventually, by an application of the results provided by [40, 48], (with ξ = ξS
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as the saddle point of φ on Cξ) the far-field approximation, for the case of rigid
constraint, is ux,y ∼ ux,y∣S + ux,y∣P where
ux,y∣S ∼ −AC0K(zS)1 + isgn(η′′(ξS))
2
√
pi
eiR(η(ξS) sin θ−ξS cos θ)(R∣η′′(ξS)∣ sin θ) 12
e−i(N+ 12 (1− ℷ ))η(ξS)
zP z−1S − 1 ,(70a)
ux,y∣P = urx,yH(θr − θ),and (70b)
urx,y = AC0zP K(zP )λ(zP )y−Nzx−1P (70c)
while for the case of crack, there is a pre-factor (1 + V(zS)−1) in (70a) and
urx,y = (1 + V(zP )−1)AC0zP K(zP )λ(zP )y−Nzx−1P . (71)
Equations (70c) and (71) can be simplified further to obtain urx,y = −ui0,Neiκxx+iκy(y−N)
and urx,y = −vi0,N(1 − e−iκy)−1eiκxx+iκy(y−N), where vi0,N is given by (24).
Similar expressions can be obtained for incidence from the waveguide; the
details are omitted.
Far field approximation in the lattice waveguide: Due to the vanishing of the
diffracted wave field in the immediate vicinity farther behind the crack or rigid
constraint tip, it is natural to seek an expansion of the expression of vx,N in
case of crack and wx,N in case of rigid constraint, as x→∞. Noting the absence
of the contribution of ux,N and ux,N+1 in the respective cases, the function vN ;+
and wN ;+ play the pivotal role. For the case of crack, using plus (+) part of
(36), with its counterpart in (35) for incidence from the bulk lattice (denoted
by s = B) while that in (40) for incidence from the waveguide (denoted by s = W),
i.e., it is found that
vN ;+ = vi0,N(L−1+ (z)L−1− (zP ) − 1)δD+(zz−1P )δs,B− vi0,N(L−1+ (z)L+(zP ) − 1)δD−(zz−1P )δs,W. (72)
Using the inverse Fourier transform (42) and residue calculus [50], noting that
vx,N ∼ −ux,N−1 as x→∞, (72) yields
ux,N−1 ∼ −vi0,N((L−1(zP ) − 1)zxP +∑L+(z)=0 1z − zP L−1− (zP )L′+(z) zx)δs,B− vi0,N∑L+(z)=0 1z − zP L+(zP )L′+(z) zxδs,W.
(73)
For the case of rigid constraint, using plus (+) part of (57), with its counterpart
in (55) for incidence from the bulk lattice (s = B) while that in (62) for incidence
from the waveguide (s = W), i.e., it is found that
wN ;+(z) = ui0,N(zqQ(zP )zq − zP L−1− (zP )l−0 − zQ(z)z − zP + −zP (z − zq)Q(zP )(z − zP )(zq − zP ) L
−1− (zP )
L+(z) )δs,B
+ ui0,N−1( zqzq − zP L+(zP )l−0 − zz − zP + −zP (z − zq)(z − zP )(zq − zP ) L+(zP )L+(z) )δs,W.
(74)
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Using the inverse Fourier transform (15) and residue calculus, noting that wx,N ∼
ux,N−1 as x→∞, (72) and Q±(z) = z−1/2q (1 − zqz∓1) yields
ux,N−1 ∼ ui0,N(Q(zP )( 1
L(zP ) − 1)zxP +∑L+(z)=0 1z − zP Q−(zP )L−(zP ) Q+(z)L′+(z)zx)δs,B+ ui0,N−1∑L+(z)=0 1z − zP L+(zP )Q+(zP ) Q+(z)L′+(z)zxδs,W.
(75)
Using the expression of total wave field corresponding to (73) and (75), the
unknown coefficients in its eigenmode expansion, deep inside the waveguide,
can be obtained in a straightforward manner based on orthogonality of modes
[51] (denoted by a(κ)⋅). Finally, a far-field expansion of total wave field (with
y ∈ ZN−10 ) is found to be, for the case of crack,
utx,y ∼ −vi0,N(L−1− (zP )δs,B + L+(zP )δs,W)∑
L+(z)=0
a(κ)y
a(κ)N−1
1
z − zP zxL′+(z) , (76)
and, for the case of rigid constraint,
utx,y ∼ (ui0,N Q−(zP )
L−(zP )δs,B + ui0,N−1 L+(zP )Q+(zP )δs,W)∑L+(z)=0 a(κ)ya(κ)N−1 1z − zP Q+(z)z
x
L′+(z) . (77)
Indeed, (76) and (77) can also be obtained directly by using the expression
(17)2.
5 Back to the problem involving a pair of par-
allel defects
Reverting back to the main motivation for this paper, i.e., the analysis of diffrac-
tion of wave incident from the bulk lattice (5) by a pair of parallel cracks or
rigid constraints, the wave field (diffracted) modulo the reflected wave from the
geometrically reduced problem can be superposed in order to construct an exact
solution.
For the purpose of symbolic convenience, suppose that the scattered wave
field for four choices of β,γ, i.e., cases H1–H4, are denoted by
usx,y(A,κx,κy;β,γ;N,k), usx,y(A,κx,κy;β,γ;N, c), (78)
where the former corresponds to a crack located at y = N,N − 1 and the latter
corresponds to a rigid constraint located at y = N, while the boundary of half-
plane (of type depending on β,γ) is located at y = 0 in both cases and the
expression of incident wave remains the same (equal to constant A at (0,0),
without the reflected wave contribution).
At this point, recall §2; in particular, Equations (7) and (8) which decompose
the incident wave into even-symmetric and odd-symmetric components.
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Even separation: 2N : In this case only the cases H2 and H3 are possible.
The parity bit is ℷ = 0. It is easy to see that the scattered wave field solution
is given by usx,y = usx,y( 12A,κx,κy; for case H2)+ usx,y( 12A,κx,κy; for case H3). In
particular, for the crack problem,
usx,y = usx,y( 12A,κx,κy; 0,−1;N,k) + usx,y( 12A,κx,κy; 0,1;N,k), (79)
and for the rigid constraint problem,
usx,y = usx,y( 12A,κx,κy; 0,−1;N, c) + usx,y( 12A,κx,κy; 0,1;N, c). (80)
Odd separation: 2N − 1: In this case only the cases H1 and H4 are possi-
ble. The parity bit is ℷ = 1. Due to the choice of boundary location in case of
H1, the value of N needs to mapped properly. It is easy to see that the scat-
tered wave field solution is given by usx,y = usx,y−1( 12Aeiκy ,κx,κy; for case H1) +
usx,y( 12A,κx,κy; for case H4). In particular, for the crack problem,
usx,y = usx,y−1( 12Aeiκy ,κx,κy; 0,0;N − 1, k) + usx,y( 12A,κx,κy; 1,0;N,k), (81)
and for the rigid constraint problem,
usx,y = usx,y−1( 12Aeiκy ,κx,κy; 0,0;N − 1, c) + usx,y( 12A,κx,κy; 1,0;N, c). (82)
The construction by superposition provided in this section can be used to
obtain the far-field approximation in conjunction with the expressions derived
in §4. The results based on numerical scheme (summarized in Appendix of [40])
and far-field asymptotics have been found to coincide in a manner similar to
single defect [40, 48]. Some illustrative results are presented in Fig. 6–Fig. 8
where the modulus and argument of the scattered as well as total displacement
field have been plotted relative to the angle θ (on the horizontal axis) and for
a fixed (approximate) circle of radius R = 39 according to the polar coordinates
(68). The numerical solution is based on a scheme, summarized in an Appendix
of [40], with Ngrid = 81,Npml = 65 (same as that stated in the caption of Fig. 2).
6 Concluding remarks
In this paper, an analysis of a discrete analogue of diffraction by a pair of semi-
infinite cracks or rigid constraints is presented following the analysis of [27, 28].
The exact solution is obtained by the discrete WH method. An asymptotic ap-
proximation of the exact solution in far field, away from the region corresponding
to the proximity of pole and saddle, agrees with the numerical solution as well.
An illustrative calculation of the near-tip field is carried out as the closed form
expressions for the the first broken-bond length, in any of the two cracks, and
the displacement of a site adjacent to the rigid constraint tip, are presented.
It is easy to see that there are certain limiting cases of the studied structure
leading to interesting configurations; for example, a single semi-infinite defect,
as well as a surface step with possibly mixed boundary condition.
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Ω=0.5, Q»59 deg, R¥=39, N=81, Npml=65 Ω=0.5, Q»59 deg, R¥=39., N=81, Npml=65
(a) (b)
Figure 6: Comparison between asymptotic approximation (gray dots) and nu-
merical solution (black dots) for the scattered and total field for square lat-
tice with a pair of semi-infinite (a) cracks and (b) rigid constraints. Here
Nw = 2N − 1 = 9 and Ngrid = 81,Npml = 65.
Ω=1.2, Q»44 deg, R¥=39, N=81, Npml=65 Ω=1.2, Q»44 deg, R¥=39, N=81, Npml=65
(a) (b)
Figure 7: Same as Fig. 6 except for incident wave parameters.
Ω=2.2, Q»53 deg, R¥=39, N=81, Npml=65 Ω=2.2, Q»53 deg, R¥=39, N=81, Npml=65
(a) (b)
Figure 8: Same as Fig. 6 except for incident wave parameters.
As the separation N → ∞, naturally, the field near one of the tip of the
two defects in two crack or two constraint problem reduces to that of a discrete
Sommerfeld problem [40, 48]. When N = 1, for the odd separation the prob-
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lem again becomes a discrete Sommerfeld problem [40, 48], while for the even
separation, it is a case of scattering due to the presence of “double” crack or
“double” constraint.
Further, within in the geometrically reduced diffraction problem on the lat-
tice half-plane, a limiting case coincides with that studied recently [47]. When
N = 1 but β = 0,γ = 0, the problem reduces to that for a variant of mixed bound-
ary condition at y = 1. With respect to Fig. 5(a), when N = 1 and β = 0,γ = −1,
the problem reduces to that for a single step on a free surface. With respect to
Fig. 5(b), when N = 1 and β = 0,γ = 0, the problem reduces to that for a single
step on a fixed surface. On the other hand, when N = 1 but β = 0,γ = −1, the
problem reduces to that for a variant of mixed boundary condition at y = 0.
In place of the infinite square lattice, if the pair of semi-infinite defects are
placed symmetrically on a square lattice waveguide, then the same formulation
can be extended to what are known as trifurcated waveguides [52, 53]. The
additional confinement induces different structure factors in the two WH kernels.
The exact solution can be easily arrived at and closed form expressions for the
transmission problem can be found; it is useful to recall the analysis of [32]
as the reflectance and transmittance of the junction can be constructed. More
pertinent from the viewpoint of transport is the scattering matrix which has
been found to admit a succinct expression as well, the presentation of which in
the public domain has been deferred.
Last but not the least, there remains an issue of the continuum limit. For
the considered case of positive imaginary part of ω, it is left as an exercise
(one possibility involves the tools that are used in [54]) to prove that the low
frequency limit (i.e. with b → 0 but fixed ω and Nb; recall ω = bω) coincides
with that of the well known solution [27, 28] provided the separation between
the semi-infinite defects N scales naturally as 1/b. An interesting non-trivial
question is the rigorous statement and proof of the counterpart corresponding to
ω2 = 0? Note that the same question remains open for the discrete Sommerfeld
problems as well [40, 48, 45, 46, 54]. In the same vein, another curious question
concerns the scattering problem involving parallel defects (on the square lattice)
and its solution as ω1 → 2 or ω1 → 2√2?
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A Discrete Fourier transform
Akin to [40], in case of bulk incidence (11), it can be easily shown that uFy ,
given by (15), is analytic inside the annulus Au∶={z ∈ C ∶ R+ < ∣z∣ < R−},
where R+ = e−κ2 ,R− = eκ2 cos Θ (for 0 ≤ y ≤ N , in fact, R− = e+κ2) Based on
above discussion, the discrete Fourier transform uFy of the sequence {ux,y}x∈Z is
well defined for all y ∈ Z. Using the discrete Fourier transform (15), the general
solution of the scattered wave field according to the discrete Helmholtz equation,
i.e., (14) with ut replaced by u since ui automatically satisfies it, is given by the
expression uFy = c1λy + c2λ−y, where c1, c2 are arbitrary analytic functions on A
and the function λ is defined by [40, 48, 49],
λ∶=r−h
r+h , on C ∖B, where h∶=√H,r∶=√R, (83)
with H∶=Q − 2,R∶=Q + 2, z ∈ C, (84)
and B as the union of branch cuts for λ borne out of the chosen branch for
h and r such that ∣λ(z)∣ ≤ 1, z ∈ C ∖B. Following [40], lan annulus A ⊂ C is
defined by
A ∶=Au ∩AL, AL∶={z ∈ C ∶ RL < ∣z∣ < R−1L },RL∶=max{∣zh∣, ∣zr∣}, (85)
where zh and zr are zeros of h and r, respectively.
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Equation (46) implies uN ;− = Q−1(−WN +uN+1;− +uN−1;−) = Q−1(−WN +wN ;−).
Using the inverse discrete Fourier transform (15),
u−1,N = 1
2pii
∮C uN ;−(z)z−1−1dz = 12pii ∮C −WN(z) +wN ;−(z)Q(z) z−2dz. (86)
With Q(z) = z−1q (1 − zqz)(1 − zqz−1) = −z−1(z − zq)(z − z−1q ), above implies
u−1,N = 1
2pii
∮C −WN(z) +wN ;−(z)−(z − zq)(z − z−1q ) z−1dz = (WN(zq) −wN ;−(zq))z−1q + (WN(0) −wN ;−(0))= (u−1,N + zqui0,N −wN ;−(zq))z−1q + (u−1,N − 0),
(87)
where wN ;−(zq) = C−(zq)L−(zq)= L−(zq)(u−1,N(L−1− (zq) − l−0) + zqui0,N(L−1− (zq) − l+0) + ui0,NδD+(zqz−1P )(Q(zq)L−1− (zq) − Q(zP )L−1− (zP ) + l−0(z−1q − z−1P ) + l+0(zq − zP )))= u−1,N(1 − L−(zq)l−0) + zqui0,N(1 − L−(zq)l+0) + ui0,NδD+(zqz−1P )(Q(zq) − L−(zq)Q(zP )L−1− (zP ) + l−0(z−1q − z−1P )L−(zq) + l+0(zq − zP )L−(zq)).
Hence, 0 = u−1,N(−L−(zq)l−0) + zqui0,N(−L−(zq)l+0) + ui0,N zqzq − zP(Q(zq) − L−(zq)Q(zP )L−1− (zP ) + l−0(z−1q − z−1P )L−(zq) + l+0(zq − zP )L−(zq))
= −u−1,NL−(zq)l−0 − ui0,Nzq
zq − zP L−(zq)Q(zP )L−1− (zP ) − l−0z−1P L−(zq)ui0,N ,
which gives u−1,N = ui0,N(− zqzq−zP Q(zP )l−0L−(zP ) − z−1P ), i.e., (58) holds. Similarly, in
the case of incidence from the waveguide, (62) implies
C−(z) = u−1,N(L−1− (z) − l−0) − ui0,N−1δD−(zz−1P )(L−1− (z) − L+(zP )), (88)
so that by (61),
u−1,N = 1
2pii
∮C −WN(z) +wN ;−(z) +wiN ;−(z)−z−1(z − zq)(z − z−1q ) z−2dz= (WN(zq) −wN ;−(zq) −wiN ;−(zq))z−1q /(zq − z−1q ) + (WN(0) −wN ;−(0) −wiN ;−(0))= (u−1,N + zqui0,N −wN ;−(zq) −wiN ;−(zq))z−1q /(zq − z−1q ) + (u−1,N − 0),
(89)
1
where wN ;−(zq) = C−(zq)L−(zq)= L−(zq)(u−1,N(L−1− (zq) − l−0) − ui0,N−1δD−(zqz−1P )(L−1− (zq) − L+(zP )))= u−1,N(1 − L−(zq)l−0) − ui0,N−1δD−(zqz−1P )(1 − L−(zq)L+(zP ))).
Hence, 0 = −u−1,N(−L−(zq)l−0) − ui0,N−1 zqzq−zP + ui0,N−1 zqzq−zP (1 − L−(zq)L+(zP )),
which gives u−1,N = −ui0,N−1 zqzq−zP L+(zP )l−0 , i.e., (63) holds.
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